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Abstract 
This work deals with the theoretical modelling of the vertical dynamics of the vehicle which has an additional 
level of suspension for a cargo platform with the nonlinear stiffness. The paper presents the design scheme of 
the additional level of cushioning having a quasi-zero stiffness in the equilibrium position. The mathematical 
model of the dynamic behavior of specialized vehicles is developed as a nonlinear discrete system. The results 
of numeric calculations of the vehicle dynamic response on the stochastic load is represented based on the 
developed model. Vertical vibrations of the cargo platform caused by the kinematics random influence applied 
to the axels of the vehicle are analyzed. The load is applied to the axels of the vehicle with a time delay. The 
results of the comparative analysis are displayed for the frequencies and amplitudes of the vehicle vertical 
vibrations within two different suspensions: in the linear and nonlinear statements. 
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Introduction 
Vehicle’s ride quality is an important characteristic that provides safety and comfort of carriage 
of goods and passengers in the automobile transport. Herewith, it should be pointed out that 
transportation of some kind of goods (vibro-sensitive freights or dangerous goods) is required for the 
reduction of the dynamic load to avoid their damage or even emergency. Dynamic stress that affects  
passengers and goods is determined by the influence of different road surface roughness that impacts 
through the wheels and suspension. At the present-day engineering practice, a nonlinear stiffness or 
damping suspension is widely used and can reduce the dynamic stress on the goods during a carriage.  
Among the various types of nonlinear suspension, special attention should be paid to the 
systems with quasi-zero stiffness because these systems can provide a vibro-insolation effect together 
with the suspension system efficiency on some conditions of usage and compact size. 
The present paper deals with the theoretical modeling of dynamic behavior of specialized 
vehicle which has a system of double suspension. The first level is a typical torsion-bar suspension 
with linear stiffness, whereas the second level has a nonlinear characteristic with quasi-zero stiffness.  
The modelling is presented within numerical simulations of the random vibrations that have 
been analyzed on the base of a discrete half-car nonlinear dynamic system. Dynamics of the system is 
analyzed under a kinematic stochastic wide-band stationary load sequentially applied to the front and 
rear axles of the vehicle. 
 
1. A discrete model of the specialized vehicle with nonlinear double-leveled suspension 
 
Two axis vehicle is considered (Fig. 1). It conventionally consists of a carriage frame (body) 
and a cargo platform. The vehicle’s carriage frame has a linear suspension and the cargo platform has 
an additional level of suspension that is joined to the frame as a special spring box. We suggest this 
design unit be realized in the form of von Misses truss (Fig. 1, b) that has a nonlinear characteristic 
with a quasi-zero stiffness working region. 
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a) b) 
Figure 1. Discrete model of the vehicle with a double-leveled suspension 
The nonlinear characteristic of this system is formed by geometrical relationships between 
horizontal and vertical springs. Herewith, the horizontal springs should be in a previously compressed 
condition.   
Let us denote L – for a horizontal spring length in the compressed condition, Δ  – distance of 
compression, cs – vertical spring stiffness, ck – horizontal spring stiffness, у – vertical displacement of 
the cargo platform with a freight, then the nonlinear stiffness of the von Mises truss spring box can be 
written as (1), then its stiffness Cnl(y) will has a form (2) that can be found by the differentiation of the 
equation (1). 
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The plot of the nonlinear spring force (integrally for the spring box) Fnl(y) as a dependence on 
the possible vertical movement of the platform is shown in the Fig. 2. Fig. 2, b also presents the plot 
of the stiffness of von Misses truss as the same dependence. The linear spring force and its stiffness 
that can be realized in the system with uninstalled horizontal springs are displayed in the plots with 
dash lines for an additional descriptiveness. 
  
a) b) 
Figure 2.  Characteristics of von Misses truss: a) – an integral spring force; b) - stiffness 
 (correspond characteristics of linear system are shown by the dash lines)  
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The presence of a zone with quasi-zero stiffness can be identified from the shown in Fig. 3 
nonlinear spring force. This is the interval of ±0,1 m of possible vertical movements of the cargo 
platform. Moreover, in the range of movement of  ±0,4 m  horizontal spring correctors provide less 
spring stiffness in comparison with the linear system, i.e. for the spring box without horizontal 
correctors. It should be mentioned that if potential movements overcomes the pointed values, the 
stiffness of this system would lead to opposite effect relative to vibro-isolation. 
Lagrange’s second order equation is used to develop a discrete nonlinear model according to 
the proposed vehicle design and shown on the Fig.1 its technical scheme 
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where t is a time, T – kinetic energy of the system, П – system potential energy, R - potential of the 
dissipative forces, qi – generalized coordinates, which consist of masses vertical movements and 
angles of the rotation (4).  
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The points placed above the functions indicates the time derivatives. 
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where m1 = 2mt + mcs is a total front axle mass, that consist of two wheels and axle mass, the same is 
for rare axle mass m2 = m1, m3 = mfr + md is used to designates the total frame mass (with all installed 
units) excluding the masses of cargo platform and freight that considered in this paper separately as 
m4 = mpl + ml. The moments of inertia of the frame and cargo platform are denoted as J1 and J2. 
A system potential energy consists of potential energy for linear springs elements (tires and first 
level of suspension) and of the potential energy of nonlinear suspension system of the second level:  
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The potential energy of the second level suspension is defined by potential energy of von 
Misses truss (Fig. 1, b). Considering that there are two von Misses trusses the following equation for a 
ΠNL can be presented within the used on the Fig. 1 notation. 
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Following designations are additionally used in the equations (6) and (7): 
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A potential of dissipative forces, which are considered to be a linear functions of the masses 
velocities (introduced into the system as it is displayed on Fig. 1, a) has the following quadric form 
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Substituting (5), (6) and (11) considering (7) - (10) in the Lagrange equation (3) one can obtain 
the main system of equations (12). The numerical values of key parameters used in the work are 
summarized in a Table 1. 
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Thus, we have the system of differential equations describing the dynamics of the vehicle, 
which has a double-level nonlinear suspension, where the second level is additional and has a 
nonlinear characteristic, which realize a quasi-zero stiffness condition. The system affords to analyze 
vertical and angular vibrations of the vehicle occurring under the kinematic excitations η1(t) and η2(t), 
which are applied to the wheels of the vehicle due to the interaction with the road surface roughness. 
 
Table 1. Mechanical parameters of the system 
 
L 
m1, 
m2 
m3 m4 I1 I2 
csn1, 
csn2 
cw μt, μfr μp 
units m kg kg kg kg ⋅m2 kg ⋅m2 kN/m kN/m kg /s kg /s kg /s 
value 2,2 83 168 176 252,3 344,6 240 350 250 3,5∙103 25 
 
In this paper a vibrations of the specialized vehicle under a random kinematic excitation is 
analyzed. It is known from the literature [13] that during the riding of the vehicle on condition of  a 
constant speed, the surface roughness (micro-profile of road surface) will form a kinematic time-
depended excitation that can be considered as a random stationary process. Its power spectral density 
can be presented in the following form: 
  baS   ,     (13) 
where ω – frequency of a wide-band excitation (set in Hz), a – parameter which defines the intensity 
of spectral density (describes the possible heights of irregularities), b - parameter that determines the 
width of the spectrum of the frequencies of irregularities that occur while the vehicle is riding.  
The parameter a can vary in a wide range from 3∙10-5 to 1∙10-2 depending on the type of the 
road. The smaller values correspond to the high quality road which has small irregularities and the 
bigger values correspond to the excitation that forms in off-road conditions. Thus, for the road with a 
high quality asphalt-concrete coating (like in a highway) a = 3∙10-5, and for a worn-out asphalt road 
(poor quality with pits and hollow spots) a = 5∙10-4.  For a road with gravel coating a = 5∙10-4-10-3. 
For an unpaved road a = 2∙10-3 - 8∙10-3.  The parameter b for most of road surfaces is 2. 
The system of differential equations (12) is nonlinear and a searching of an analytical solution 
is a quite difficult problem. In this paper, the system is solving numerically within an explicit 
integration scheme.  For the formulation of the random kinematic load, it is necessary to generate a 
random process that correspond spectral density (13). Modern software of symbolic and numeric 
computing afford to generate random variables, which can be formed to a random time sequence that 
represents a discrete white noise. Such stationary random process has constant spectral density in a 
limited frequency range (has finite dispersion). A stationary random process with spectral density (13) 
can be generated using this discrete white noise and a linear differential filter. Thus, the system of 
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differential equations (12) must be extended with additional differential equation, which determine the 
function of surface roughness η(t) from the discrete white noise f(t) 
 
 tfc  .     (14) 
 
Parameter c in this equation must be find from the equivalence of the power spectral densities 
of the solution of equation (14) and the required power spectral density of the process η(t) (13). 
Taking into account characteristics of the generated discrete white noise one can find the following 
expression for the parameter c 
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where S0 is an intensity of discrete white noise, that is determined by a standard variation of the 
random variables which sequence is forming this white noise, σ2wn is a standard variation of the 
random variables that forms the discrete white noise (in this paper we use the generator of normal 
random variables, that’s why σ2wn = 1), Δt is a time step, that was used to generate random process 
(discrete white noise) as a function of time and then used in integration procedure. 
In accordance with the objective of the paper at the first stage, the random discrete white noise 
is being generated as a sequence of normal Gauss random variables organize as a discrete process 
with a fixed time spacing Δt. All the random variables is statistically independent with a unity 
standard variation and zero mean value. In the next stage an equation (14) has been numerically 
integrated. A stationary random process with power spectral density (13) has been obtained as a result 
of the solution. This previously generated function η(t) is used in the next stage for a solving of the 
problem (12) as the external load (right part of the system of equations (12)), presenting kinematic 
load on the vehicle axis. Herewith, it must be underlined that a time delay must be taken into account 
then the kinematic load is applied 
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v
L
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where L is the distance between the wheel axles, v is the vehicle riding speed (in the paper it is set to 
10 km/h) 
 
2. Results of the numerical simulations  
 
The system of equations (12) has been solved with a different levels of loading (different road 
quality, which has been varied by the parameter a).  The vehicle dynamics is analyzed from the point  
of view of vertical random vibrations. Frequency spectrum of vibration is analyzed from the power 
spectral density, which is numerically calculated for each obtained simulation. 
A special attention is paid for a comparative study of specialized vehicle dynamics with the 
classical single-level linear suspension and with the proposed double-level nonlinear suspension. 
Analysis of these two alternative designs in different operational loads is allowed to estimate the 
efficiency of additional nonlinear suspension. 
The results of the calculations are displayed on the Fig. 3 as time dependences for vertical 
displacement of the cargo platform. The graphs show vertical vibrations of the cargo platform for two 
different designs of the vehicle, which rides on the road with asphalt coating of a normal quality 
(a = 1.0∙10-4). 
 
137
Oleksiy Larin, Oleksii Vodka, Ruslan Kaidalov, Volodymyr Bashtovoi 
 
 
 
  
a) b) 
Figure 3.  A vertical vibrations of cargo platform of the specialized vehicle which is riding on the road with 
normal quality asphalt coating  a) - vehicle with classical linear suspension, b) - proposed nonlinear model  
 
From the graphs presented on the Fig. 3 it can be seen that the vibration in the classical model 
is accompanied by the high-frequency vibrations, which are not observed in the second (proposed) 
model. As far as a frequency of vibrations is one of the important parameter that characterizes a riding 
quality of the vehicles, it is possible to mark out that the riding comfort in the classical model is much 
worst.  
Moreover, it should be claimed that the ride quality of vehicles determines by vibrational 
acceleration and it frequencies range [14-15]. So, it is reasonable to analyze this characteristics 
additionally. A realization in time of the vibrational acceleration for the linear and nonlinear models is 
demonstrated on the Fig. 4. The accelerations has been obtained by the numerical differentiation of 
the results that shown on the Fig. 3. 
 
  
a) b) 
Figure 4.  A vertical vibrational acceleration of cargo platform of the specialized vehicle which is riding on 
the road with normal quality asphalt coating   
a) - vehicle with classical linear suspension, b) - proposed nonlinear model 
 
Analysis of the results displays that root mean square (RMS) value of the vertical 
displacements of the cargo platform in both variants of the vehicle designs are very close. In fact, 
analysis of vibrations with increased levels of the load (riding on the roads with the worst coverage) 
displays that RMS values of the displacements of the cargo platform of the vehicle of proposed 
nonlinear design even bigger than in the classical model (Fig. 5, a).   
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However, the proposed vehicle with nonlinear suspension has significantly lower RMS values 
of the vibro-accelerations than in the classical design (Fig. 5, b). Thus, the system with double-level 
suspension with the quasi-zero stiffness provides effective reduction of vibro-acceleration in about 10 
and 5 times respectively for the vehicle that rides on the road with asphalt pavement with average 
quality and on the off-road. 
 
 
 
a) b) 
Figure 5.  The RMS of the displacements (a) and accelerations (b) of the cargo platform of the vehicle that is 
riding on the roads with different quality 
 
The power spectral densities have been presented on Fig. 6. The graphs provide a possibility to 
analyze a spectrum of random vibrations, that realized in the vehicle cargo platform of classical or  
proposed designs depending on the level of kinematic excitation that impact the vehicle from the 
roads with different quality. 
Analyze of presented power spectral densities shown that for a classical construction all 
spectrums are almost identical: vibrations occurs at frequencies of 3.5 Hz, 4.5 Hz, 7.5 Hz and some 
noise-like vibrations in the range of 9-17 Hz. The dominant harmonic has a frequency of 7.5 Hz. We 
can note that with an increasing of the load there is a slight increasing in the amplitudes of the lower 
harmonics (frequencies of 3.5 Hz and 4.5 Hz) due to increasing of the load with lower frequencies.  
For the nonlinear model, the power spectral densities essentially depend on the load. Thus, on 
the low load levels (the road with asphalt coating) the spectral density shows a noise-type spectrum in 
the range of frequencies from 0.1 Hz to 4 Hz and in the range from 5 Hz to 12 Hz. Therefore, it can be 
seen that the spectrum moves into the region of lower frequencies. In addition, the dominance of the 
harmonic with 7.5 Hz has disappeared. With increasing of the load, the spectrum of the accelerations 
entirely moves to the area of low frequencies. Herewith, very-low-frequencies vibrations are 
dominant. However, the first harmonic also depends on the load level and gradually increased in the 
range from 0.5 Hz to 1 Hz. 
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asphalt coating of a good quality (а = 7,6∙10-5 m2Hz, ση = 37 mm ) 
  
worn-out asphalt road (а = 1.7∙10-3 m2Hz, ση = 0.265 mm ) 
  
off-road (а = 7.6∙10-5 m2Hz, ση = 0.6 mm ) 
Figure 6.  Power spectral densities of the acceleration of the cargo platform of the vehicle that is riding on the 
roads with different quality (for linear model (classical design with a single-levelled suspension) – on the left 
side, for nonlinear model (proposed design with double-levelled suspension) – on the right side) 
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Conclusions 
In this paper, we have discussed the nonlinear discrete model of a specialized vehicle that 
allows carrying out  numerical research of the random vibrations that goods on the cargo platform 
with linear and nonlinear suspension sustain.  
The comparative analysis of the vertical vibration characteristics of the vehicle has been 
performed. It was found that the nonlinear suspension with quasi-zero stiffness in comparison with the 
linear one is more effective in the sense of vehicle riding quality (lower frequencies and lower 
accelerations that affect goods during their carriage on a cargo platform). 
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ɤɨɧɮɟɪɟɧɰɿʀ ɡ ɧɟɥɿɧɿɣɧɨʀ ɞɢɧɚɦɿɤɢ,  ɩɪɢɫɜɹɱɟɧɨʀ  90-ɪɿɱɱɸ  ɜɿɞ  ɞɧɹ
ɧɚɪɨɞɠɟɧɧɹ ɚɤɚɞɟɦɿɤɚ ȼ.Ʌ. Ɋɜɚɱɨɜɚ.
ɇɚɭɤɨɜɟ ɜɢɞɚɧɧɹ
ɇȿɅȱɇȱɃɇȺ ȾɂɇȺɆȱɄȺ — 2016
Ɍɟɡɢ ɞɨɩɨɜɿɞɟɣ 5-ʀ Ɇɿɠɧɚɪɨɞɧɨʀ ɤɨɧɮɟɪɟɧɰɿʀ
(27-30 ɜɟɪɟɫɧɹ 2016 ɪ.)
Ⱥɧɝɥɿɣɫɶɤɨɸ ɦɨɜɨɸ
ɍɩɨɪɹɞɧɢɤɢ: Ɇ.ȼ. ɉɟɪɟɩɟɥɤɿɧ, ɘ.ȼ. Ɇɿɯɥɿɧ, Ʌ.ȼ. Ʉɭɪɩɚ
ȼɿɞɩɨɜɿɞɚɥɶɧɢɣ ɫɟɤɪɟɬɚɪ: Ɉ.Ɉ. Ʌɚɪɿɧ
Ⱦɢɡɚɣɧ ɬɚ ɤɨɦɩ’ɸɬɟɪɧɟ ɜɟɪɫɬɚɧɧɹ: Ɇ.ȼ. ɉɟɪɟɩɟɥɤɿɧ
Ⱦɢɡɚɣɧ ɨɛɤɥɚɞɢɧɤɢ: Ɇ.ȼ. ɉɟɪɟɩɟɥɤɿɧ, Ƚ.ȼ. Ɋɭɞɧɽɜɚ
Ɇɚɬɟɪɿɚɥɢ ɩɭɛɥɿɤɭɸɬɶɫɹ ɜ ɚɜɬɨɪɫɶɤɿɣ ɪɟɞɚɤɰɿʀ
Ɏɨɪɦɚɬ 60×84/16. ɍɦ. ɞɪɭɤ. ɚɪɤ. 31,39.
Ɍɢɪɚɠ 75 ɩɪ. Ɂɚɦ. ʋ 1051.
ȼɢɞɚɜɟɰɶ ɬɚ ɜɢɝɨɬɨɜɥɸɜɚɱ Ɂɞɨɪɟɧɤɨ Ɇɢɯɚɣɥɨ ȱɜɚɧɨɜɢɱ
ɜɭɥ. Ƚɜɚɪɞɿɣɰɿɜ-ɒɢɪɨɧɿɧɰɿɜ, 50, ɤɨɪɩ. ȼ, ɦ. ɏɚɪɤɿɜ, 61136
ɋɜɿɞɨɰɬɜɨ ɫɭɛ’ɽɤɬɚ ɜɢɞɚɜɧɢɱɨʀ ɫɩɪɚɜɢ ȾɄ ʋ 5197 ɜɿɞ 31.08.2016 ɪ.
